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ABSTRACT

Stochastic gradient descent (SGD) is an extremely versatile opti-
mization algorithm used for large dataset problems in machine
learning. However, SGD is still slow to converge, leading to al-
ternative algorithms, like RMSProp and ADAM, which speed up
convergence by weighting the parameters’ gradients differently.
Nonetheless, these first order methods cannot account for param-
eter correlation, so a second order method- which accounts for
curvature of the loss function- must be considered. We present
a nonlinear iterative method- nITGCR, which computes approxi-
mations to the true Hessian using the Fisher Information Matrix
(FIM). On deep neural networks, we observe our proposed method
outperforms standard first order methods on image classification
using the CIFAR-10 dataset while taking a fraction of the time.
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1 INTRODUCTION

Stochastic gradient descent (SGD) is a quintessential minimiza-
tion algorithm, leveraging the well known full gradient descent
algorithm over large data sets. While SGD has nice theoretical con-
vergence results[1, 12], the practical convergence rate of vanilla
SGD is slow, deteriorating as the data set gets larger. Since this SGD
algorithm is run many times within every epoch for training any
machine learning architecture, specifically neural networks, these
seconds forfeited by a slow algorithm add up quickly.

This slow convergence of SGD is what motivated researchers
in the early 2010’s to develop methods like Root Mean Squared
Propagation (RMSProp)(7], which uses an exponentially weighted
moving average (EWMA) to focus on the more recent gradients
in deciding the update and prevents premature drop-off of the
search step. Further improvements were proposed with Adaptive
Momentum Estimation (ADAM)[8], where they kept the EWMA
of the gradients’ squared- analogous to RMSProp- and augmented
the search direction by computing the EWMA of the gradients
themselves. Both ideas are examples of “first-order methods" as they
only compute the first derivative of the loss function, the gradient.
Additionally they might be referred to as “diagonal preconditioners"
as they weight the gradients different, like a diagonal matrix acting
on the gradient vector. N.B. “preconditioners" just refer to any
matrix A where the condition number of A™!B is lower than the
condition number of B, by itself. Other nice properties are requiring
A to have some structure that makes it easier to invert.

These first order methods, just like gradient descent in the deter-
ministic optimization setting, fail to account for the curvature of
the loss function, which is computed via the Hessian. Furthermore,
under deterministic settings, computing the Hessian is computation-
ally difficult, leading to storing and inverting a large dense matrix.
This problem is exacerbated in the stochastic setting as small noise
from batched data magnifies into large perturbations upon matrix
inversion, leading to an ill- conditioned, indefinite Hessian. This is
why most second-order methods will use an approximation to the
true Hessian.

One approximation to the true Hessian is Full-Matrix AdaGrad[2],
which uses a smoothed outer product of the gradients; however,
this results in inverting a D X D matrix at each epoch, where D is
the dimension of the gradient vector. Some methods assume spe-
cific structure of the Hessian and design approximations based on
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this structure. One such example is Shampoo[5], which precondi-
tions the gradient step using Kronecker structure on a flattened
D? dimensional parameter space. Assuming Kronecker structure
specifically appears in deep neural network training algorithms
like K-FAC[11].

K-FAC uses this assumption, not on the Hessian, but the Fisher
Information Matrix (FIM), which in expectation over all of the
different configurations of data given the specific batch size, is the
Hessian of the neural network. Since that is infeasible to compute,
the FIM can be thought of as a symmetric, positive definite (SPD)
approximation to the true Hessian. This technique of doing neural
network training with the FIM is not novel, as proposed by the Fish-
Leg method[4]. However, this method uses ML to learn a proper
inverse, which might be inaccurate.

Instead, we rely on the SPD structure of the FIM to use the Gen-
eralized Conjugate Residual (GCR)[3] framework, which solves
Ax = b, where A is SPD. However, in neural network training,
there is no expectation of a linear activation function, so we need a
method which allows for nonlinear updates r; = —f(x; 0), as pro-
posed by He[6]. The objective of this paper is clear; we propose a
method to accelerate neural network training. We use the nonlinear
Truncated Generalized Conjugate Residual (nITGCR) framework
with the FIM to design an efficient and scalable optimization algo-
rithm for neural network training.

2 METHODOLOGY

The standard SGD algorithm consists of minimizing the loss func-
tion £(0), where 0 are the weights for the neural network. We do
this by computing the gradient (of the ™ epoch), g; = VoL, (0).
This means, given a learning rate schedule,{#;}:=o,1,..., the SGD
algorithm can be written as

0141 = 0 — Mgy (1)

The matrix M is the preconditioning matrix, and for vanilla SGD,
M =1, the identity matrix. This framework allows us to write other
optimization algorithms. For example, if we let s; = % 2;:1 g2, or
the Root Mean Squared for the gradient g;, then the preconditioning

matrix M can be written as

MI;I%/ISProp = diag (\/; + 6)
Mjpan = diag (V6r +¢) .

This highlights the similarity of RMSProp and ADAM, which both
use the smoothed square root of the EWMA of gradients squared,
differing only in their search direction. It also corroborates the
terminology as to why they are called diagonal preconditioners.
Before nlITGCR is explained in detail, we derive some compo-
nents of the method. First we turn our attention to our inspiration
from deterministic optimization, the generalized Gauss-Newton
matrix. Let us consider a loss function ¢(y, z) which is convex in z.
Here y is the correct labels and z = f(x; 0) is the model with input
data x and parameters 0. Examples of convex losses include nega-
tive log-likelihood and cross-entropy as well as least squared loss,
used later in this derivation. This means that the Gauss-Newton
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approximation to the Hessian is
1 n
— TH.T:
G= ;Z;Jl Hszy (2)
i=

where J; is the Jacobian of f(x;, #) with respect to 8, and Hj; is the
Hessian of (y;, z;) with respect to z; = f(x;, 0). It is important to
note that G is equal to the Hessian of h(0) if we replace each f(x;, 0)
with its local 1st order approximation centered at the current 6:

f(xi,0") ~ £(0) +Ji (6" - 6). ®)
When (y,z) = %Hy — 2||?, we have H; = I and so
_IN,
G=- ;J,» Ji. ¢)

which is the matrix used in the well-known Gauss-Newton ap-
proach for optimizing nonlinear least squared problems.

Using £(y, f(x,0)) = —log p(y|f(x, 6)), the now motivated Gauss-
Newton G = F, the FIM.

dlog p(ylx.0) dlog p(ylx.0) T
do do

Clearly, F is symmetric and positive definite, so we revisit linear
system solves with (GCR)[3]. Recall, this method solves an SPD
Ax = b by iteratively finding search directions {p;}i=1:j so that
{Ap;}i=1:j are orthogonal. To overcome the nonlinearity in the
activation functions and the FIM approximation, we do a nonlinear
update ; = —f(x}), as opposed to the linear GCR update. Substitut-
ing F = A in GCR, we iterative have the P and V basis to minimize
the loss function

F=E ©)

Pj = [Pjms Pjmt1 P ©)
Vj = [F(x),,)Pjps "+ > F(xj)pj] (7)

The subscript pj,, is a result of keeping only the m most recent
search directions, so as to avoid getting bogged down by old data.
Additionally, we notice that the FIM is a function of the data in the
current batch. Recall only in expectation does it converge to the
true Hessian.

To explicitly compute the FIM, we have two methods - a new
FIM from the batch of data and the average over all of the past
data points. The first FIM is easy to explain as we get the Fisher
vector product with the gradients computed from the data in that
batch. We have g = Fa, where g is the gradient vector, and a is
the accelerated gradient vector. The history updated Fisher matrix
is computed using the Nystrom approximation. Since we know
that F € R™" is symmetric, we can randomly select indices which
correspond to the columns of the matrix F, resulting in an n X k
matrix. We then use those same indices to subsample the rows to
arrive at a k X k matrix, where k < n. This means inverting such
a matrix will not only be easier since it is a smaller matrix, but is
guaranteed to be SPD as well.

Mathematically, let 7 be the set of k indices that were randomly
sampled, then the Nystrom approximation is

F~F F; FT, (®)
=F, ©)
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where F. 1 are all of the rows of F, i = 1,---,n, and only the
columns of F that are in the randomly selected index set. This is
a rank k approximation of the true FIM, but since we are storing
many iterations of the Fisher matrix in this averaged history, it is
okay to make this approximation.

Another way the FIM is used in our optimizer is as a precondi-
tioner, which is similar to what Martens does[11]. First assume that
there is a deep neural network with many linear layers. In each layer,
if we assume the gradient of the m inputs and n outputs,A and G,
respectively, are statistically independent, then we can approximate
the FIM by

F=E [Vec (ga’) vec (gaT)T]
~A®G.

Here F is of size mn X mn, where the weight matrix © is m X n. This
can be further broken down by using Kronecker products[9], where
the inverse of F is
FlaAleG™
Then this inverse can be performed efficiently by being written as
(A1 ® G Yvec(X) = vec(GIXA™T).

This provides a reasonable approximation to the FIM which
we then can apply cheaply in the Fisher gradient matrix-vector
multiplication to cluster the eigenvalues of our approximation to
the Hessian, speeding up convergence. We use the preconditioner
F to accelerate the linear system solve F~'g = F"!Fx ~ x. This
allows a cheap matrix vector product as opposed to an expensive
linear system solve.

Lastly, since we have an SPD matrix, we have found as a heuristic
that a few (1-2) iterations of Conjugate Gradient speeds up conver-
gence. However, as CG uses the full dataset, it is not feasible to run
more than 2 iterations. This simple method primes the problem and
the algorithm, letting it get off on a great first step.

3 EXPERIMENTAL SETUP

The objective of this paper is to compare optimizers on an equal
playing field to ensure that nITGCR has an advantage based on the
algorithm and not an unfair metric. Many papers that are show-
ing off their new optimizer will perform some sort of visual task
on either multilayer perceptrons (MLPs) or convolutional neural
networks (CNNs)[8]. In fact, benchmarking on these vision tasks
has become very standard. Schmidt et. al. spell out the benchmark-
ing scheme by using MLPs and CNNs on MNIST, Fashion-MNSIT,
CIFAR-10, and CIFAR-100[13]. Since we are working on optimizers,
a midsized dataset, such as CIFAR-10, was used so that the data
is complex enough to not get outstanding classification, but not
complex enough that it would take all day training. On CIFAR-10,
we have implemented 2 methods for MLP to see how the optimizers
scale as the network gets deeper, and a CNN. The task of this data
set is given the training batches, correctly categorize the test images
into the correctly labeled category.

To tackle this task, the neural network architectures are described
below. For the smaller MLP, there are two hidden layers with 90
nodes per layer. The connections are dense with an tanh (non-
linear) activation function. The output layer has 10 nodes as there
are 10 categories. This results in 180 internal nodes, so to keep the
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number of nodes relatively constant, the larger MLP has 5 hidden
layers with 30 nodes per layer. Just like before these are dense
layers with a tanh activation function. Lastly, the CNN architecture
is relatively standard. First, there is a convolutional 2D layer with a
3 X 3 kernel, followed by a ReLU and maxpooling, which returns a
32 X 16 X 16 output shape. This process - Convolutional 2D, ReLU,
maxpooling- is repeated to arrive at a 32 X 8 x 8 output shape. This
is then flattened and the output layer is 10 nodes corresponding
to the 10 classes in CIFAR-10. These architectures were chosen to
be simple models to test the optimizers; high test accuracy wasn’t
the aim of this study, so the models could be altered to allow for a
higehr accuracy.

CIFAR-10 has 60,000 32 x 32 color images, which means there
is an input size of 32 X 32 X 3 to account for the red, green, and
blue channels. These 60,000 images are randomly divided into five
training batches and one test batch, each with 10,000 images. Each
image is labeled into one of 10 categories, such as airplane, bird,
dog, horse, ship, etc.. The test batch distribution is identical to the
training batch distribution as the test batch contains exactly 1,000
randomly-selected images from each class.

The data was loaded and preprocessed using the standard nor-
malization techniques. As opposed to standard normalizers and
scalers from well known ML packages, we ran through all of the
images in the training dataset, separating the red, green, and blue
channels, where we then found the average and standard deviation
for each channel, as seen in Tab. 1.

l Method [ Red
Mean 0.49139968  0.48215827 0.44653124
SD 0.24703233  0.24348505 0.26158768
Table 1: Computed mean and standard deviation to prepro-
cess the training set of CIFAR-10 with normalization.

Green Blue ‘

Once the preprocessing was performed, one of the architectures
was carried out, where important metrics-training loss history per
epoch, test accuracy, and time per epoch- were observed. The first
two are standard in any classification task, especially when you are
performing supervised learning like we are here. The last one is
particularly important in our case, as we are comparing optimiz-
ers. Since nlTGCR is a second order method, there will be extra
computations in approximating the FIM, factorizing the FIM, and
applying it to the gradient matrix-vector product. With this extra
computation, we use time per epoch to see if the extra computation
is worth it compared to the standard first order methods.

4 RESULTS AND DISCUSSION

All three experiments were run using the same architecture and
hyperparameters- with constant learning rate n = 0.001, batch size
|B| = 128- over 100 epochs. The results for loss history for each
architecture are seen in Fig. 1. We observe significantly lower loss
compared to the first-order methods, RMSProp and ADAM, over all
neural network architectures. There is a large jump visualized in
both of the MLP experiments due to an initial iteration of Conjugate
Gradient (CG) to get nITGCR to a much lower training loss. This
is just a heuristic for dense neural networks assuming positive
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definiteness. However, this CG step is not always advantageous; it
could cause divergence in the method, such as the experiment on
CNN’s, which is why this large jump isn’t seen.

@ )

Figure 1: Training Loss History over the 100 epochs for (a)
2-layer MLP (b) 5-layer MLP (c) CNN.

Having a method that converges to a lower training loss isn’t

advantageous if the model cannot classify the images correctly.

Turning our attention to Tab. 2, we can observe that for both of the
MLP tests, nITGCR has a higher test accuracy on the images. This
isn’t the case for the CNN test, which isn’t that suprising, given
that nITGCR was designed with deep neural networks with dense
Hessians in mind. The convolutional layers, while reducing the
number of parameters for the model, instills a hierarchical matrix
structure that nITGCR doesn’t account for, which could explain
its performance. However, even though nITGCR wasn’t designed
with CNN’s in mind, it still performs comparable to the first order
methods.

l Model [ Optimizer | Accuracy (%) ‘

Adam 51.3

MLP (2-layer) RMSProp 51.2
nITGCR 54.52
Adam 51.7

MLP (5-layer) RMSProp 52.1
nlTGCR 53.85
Adam 66.6

CNN (2-layer) | RMSProp 66.8
nlTGCR 65.8

Table 2: Comparing nlITGCR with standard optimizers over
different architectures.

Lastly, since there is additional computation with nITGCR, we

need to assure that this lower loss and higher accuracy is worth it.

This is assessed by time per epoch. Since all optimizers are run over
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the entire dataset, with the same batch size, all models have the
same number of calls to the optimizer. In our case, all models are
coded by hand, not relying on highly optimized packages created
by other people. For the 5 layer MLP, we observe the time per epoch
data displayed in Tab. 3. RMSProp and ADAM both roughly take 7
seconds; whereas, nITGCR takes less than half a second. There are
many factors to get this result, but the largest contributor is because
of the just-in-time (JIT) compiling that was used in nITGCR. Python
is notorously known to be slow since it is interpretable and doesn’t
have type-casts, but with JIT, Python gets down to C level speeds
for large matrix problems.

l Optimizer ‘ Time (s) ‘

Adam 7.02
RMSProp 7.10
nlTGCR 0.42

Table 3: Comparing time per epoch for for different optimiz-
ers on five layer MLP.

This means that nITGCR outperformed standard first order meth-
ods in almost every test at about 17 times faster speeds.

5 CONCLUSIONS

In this paper, we presented nonlinear truncated generalized conju-
gate residual (nITGCR). We derived it from the Fisher Information
Matrix, and explained approximations to use the Fisher Informa-
tion as a preconditioner for accelerating the stochastic optimization
problem. We tested this against first order methods, such as ADAM
and RMSProp. All optimizers were test on neural networks based
visual tasks such as image classification on CIFAR-10. The nITGCR
method outperformed both first order methods on training loss,
test accuracy, and time per iteration for the MLPs. On CNN, the
test accuracy was comparable, but still dominated in training loss
and speed.

Future experiments using larger data-sets, such as CIFAR-100,
would help illuminate how our optimizer works on data sets of
all time. Additionally, for a more thorough project, it would be
interesting to compare to other second order methods as well. These
methods would include Fish-Leg[4], K-FAC[11], and Shampoo[5],
as well as natural gradient methods[10]. This would allow us to
position nITCGR into the specific category on which it optimizes
best.

Additionally, to practitioners of ML optimizers, it might be in-
teresting to add a line of experiments comparing the necessity of
second-order methods. First order methods potentially break down
when parameters are correlated; however, this is normally fixed
by drop-out of the correlated features. Testing drop-out + ADAM
compared to second order method on a highly correlated dataset
such as MovieLens would be interesting to potentitally convert the
experimentalist to start using higher order optimization.
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